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Construction of a Wilson action for the Wess-Zumino model 
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, We construct a Wilson action for the Wess-Zumino model by applying the exact renor- 

^— ■>) ■ malization group perturbatively. Using neither superfields nor auxiliary fields, we construct 

' a supersymmetric action only with complex scalar and Majorana spinor fields. We adopt 

the BRST (antifield) formalism to show the consistency of the construction to all orders in 
loop expansions. The resulting action has a quadratically divergent scalar mass term which 
is absent in the superfield formalism. 
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§1. Introduction 



The purpose of this paper is to construct a Wilson action for the Wess-Zumino 
model by applying the exact renormalization group (ERG) perturbatively. ERG was 
^j^' originally introduced to define the continuum limit of a quantum field theory non- 

i-^' perturbatively.^^ A field theory is defined by an action with a momentum cutoff A. 

The renormalization group (RG) transformation is the change of the action as we 
' lower A, while we keep the physics of the theory intact. This transformation generates 

■ an infinite number of interaction terms. The A dependence of their coefficients is 

I determined by a functional differential equation, which we call the ERG differential 

' equation. (E for exact is added to RG as a reminder that the actions have an infinite 

number of terms.) The continuum limit corresponds to a solution of the differential 
I equation that reaches a fixed point as we raise A to infinity. In practice, non- 

QQ ' perturbative application of ERG is difficult without any approximation; its main role 

. has been to give us both an assurance to and an insight into the standard construction 

of a continuum limit by fine-tuning a small number of relevant parameters of a bare 
action. 

In this paper we use ERG only perturbatively by introducing a cutoff through the 
propagators.'^^ Within perturbation theory it becomes straightforward to construct 
the continuum limit (or renormalized theory) directly by solving the ERG differential 
equation; we obtain the continuum limit by finding a solution that reduces to an 
action with a finite number of interaction terms as we raise A to infinity. The 
renormalized parameters of the theory characterize this asymptotic behavior of the 
solution. 

The presence of an ultraviolet cutoff often gives us a false impression that it is in- 
compatible with local symmetry. The perturbative construction of gauge theories in 
the ERG formalism was pioneered by Becchi^^ and Ellwanger^-* among others. (See^^ 
for the background field method, and'^^ for a manifestly gauge invariant method.) 
Gauge symmetry (or BRST invariance) is realized as the invariance of the action 
under an infinitesimal field transformation where the jacobian is properly taken into 
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account. Hence, the theory has the full gauge invariance even though it must be 
enforced order by order in loop expansions. 

Here, we wish to construct the Wess-Zumino model, the simplest four-dimensional 
supersymmetric theory, by using ERG. On introducing supersymmetry, we choose 
to use no auxiliary fields for two reasons. First, auxiliary fields, necessary to close 
the supersymmetry algebra off-shell, are not available to all supersymmetric theo- 
ries; we wish to build a formalism that does not rely on the existence of auxiliary 
fields. Second, the use of auxiliary fields (superfields to be more precise) does not 
bring any insight into the realization of supersymmetry in a Wilson action. With 
auxiliary fields, supersymmetry is a linear symmetry, and it is realized automatically 
once we adopt superfields.^^ ERG then becomes merely a method of regularization. 
The proof of non-renormalization of the F-tcrm, for example, depends on the famil- 
iar technicalities of supergraphs.^^-* We wish to construct the model using only its 
supersymmetry but no extra ingredient provided by the superfields. 

In applying ERG to the Wcss-Zumino model, we have an advantage that the 
model is defined strictly in four dimensions. Hence, there is no subtlety in defining 
75 or Majorana fermions, in contrast to when we use dimensional regularization. The 
method of dimensional reduction can handle 75, but as far as we know its consistency 
has not been fully demonstrated. (For a recent review of the dimensional reduction, 
see^^) for example.) 

We first introduce a most general renormalized theory with the same field con- 
tents as the Wess-Zumino model. This general theory has more number of renor- 
malized parameters than the Wess-Zumino model. We then reduce the number of 
independent parameters by imposing supersymmetry. Using only component fields, 
the supersymmetry transformation is non-linear in fields, just like the gauge trans- 
formation of Yang-Mills theories. It is this non-linearity that calls for our attention 
and care. 

The paper is organized as follows. In sect. 2, we give a brief summary of the 
ERG formalism, taking the four dimensional 0^ theory as an example. In sect. 3, we 
apply the ERG formalism to construct the Wess-Zumino model, using only a complex 
scalar field and a Majorana spinor field (equivalently, a pair of right- and left-hand 
spinors). We choose two different cutoff functions for the scalar and spinor, since their 
equality is not required by supersymmetry. We also hope that this choice mimics 
some aspect of lattice realization of supersymmetry, if the realization is possible 
at all. We show that the theory has nine parameters if only renormalizability is 
imposed. We then derive an equation that gives the invariance of the action under 
the supersymmetry transformation. In sect. 4, we construct the action up to 1- 
loop. In sect. 5, we attempt to prove, to all orders in loop expansions, that we 
can realize supersymmetry by fine-tuning the parameters. The proof fails, however, 
and we explain why. To overcome this failure, we introduce antifields that generate 
the supersymmetry transformation in sect. 6. With the antifields, supersymmetry is 
reformulated as BRST invariance of the action. The antifields, which are classical 
external sources, transform under the supersymmetry transformation, and they play 
the role of auxiliary fields in making the BRST transformation nilpotent. (We explain 
this in some details for the classical action in Appendix B.) Outside the context of 
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ERG, this procedure is well known. The antifield or BRST formalism has been 
introduced to the Wess-Zumino model m.,^'^^'^^^ and to super Yang- Mills theories 
with matter in;^^^ the formalism has been extended also to include general global 
symmetries in.^^^ In sect. 7, we complete the perturbative proof that we can realize 
super symmetry by fine-tuning the parameters. In sect. 8, we give brief comments 
on the quadratic divergences and holomorphy.^^^ We conclude the paper in sect. 9. 
Three appendices are given. 

Before closing this introduction, we call the reader's attention that we work 
in the four dimensional euclidean space throughout the paper. Contrary to the 
Minkowski space, the right- and left-hand spinors that constitute a Majorana spinor 
are not complex conjugate to each other. We summarize relevant properties of two- 
component spinors in Appendix A. 

§2. Realization of symmetry in the ERG approach 

To make the paper self-contained, we give a brief summary of the ERG for- 
malism. For more details, we refer the reader to lecture notes such as^^ and^^^ and 
references therein. In this section we only consider a real scalar field (f) for simplicity. 

Let S{A) be a Wilson action with the momentum cutoff A. The action is given 
as the sum 

S{A) = SirU^) + S,^M) (2-1) 
where the free action is defined by 

The cutoff function K{x) is a positive function of x^, and has the following properties: 

The choice of K{x) is arbitrary as long as it damps sufficiently fast (l/x^ is more 
than enough) as ^ oo. 

The cutoff dependence of the interaction action Si^i{A) is determined by the 
ERG differential equation^) 

_ d_ _ f A{p/A) l \ .55int ^S,.x . S^S;^, \ 

dA 7p + ^2 2 \ s^^-p) 5ct>{p) ^ 5(t>{-p)6(t>{p) / ^ ' 

where 

A{p/A)^A^K{p/A) (2-5) 
is non- vanishing only for p^ > A?. Alternatively the ERG differential equation can 



be given for the full action as 



-A—S- M^^'/^) 



p^ + m? 6S , , , 
<p{p) 



dA jpp"^ + 171^ \_K {p/A) 5(t){p) 

(2-6) 



I { 5S SS S^S 



2{Scl)i-p)S4>{p) 5(t>(p)54>{-p) 
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The ERG differential equation ()2-4p or ()2-6p implies the cutoff independence of the 
following connected correlation functions: 

\ (0(m)---'/'(Pn))oo = nr=l K{n/A) • • • • 't'^Pn))s{A) 

Note that for (j2-4p or (j2-6p to have a unique solution, we must constrain the 
asymptotic behavior of 5int(^) for A, large compared with m and the momenta 
carried by the fields. The asymptotic behavior of a renormalized theory has the 
form 



(2-8) 



where 02)^2 5C2,a4 depend on InTl/^u (/i is a renormalization scale). The values of 
b2, C2, at A = n can be chosen arbitrarily, and the simplest choice is 

62(0) = C2(0) = 0, 04(0) = -A (2-9) 

where A is a coupling constant.'^) 

Let ^(p) be a composite operator with momentum p. A composite operator is a 
functional of cp that satisfies the same ERG differential equation as an infinitesimal 
deformation of the interaction action. Hence, 

-A-^cP{p)=V-cP{p) (2-10) 

where 

A{p/A) \ SSir^t 6 ,1 5^ \ 



^ Jp + "rn^ \ S(p{-p) 2 6(j){-p)6(j){p) j ^ 

The differential equation implies the cutoff independence of the correlation functions 

n ^ 

{<P{p)Hpi) ■ ■ ■ HPn))^ ^ n K( JA) ' ^'^(P)'^(^i) • • • (2-12) 

i=l 

for n > 1. For example, the elementary field (j){p) is not a composite operator, but 

mp) = Hp)+ ^2 ^^(_^) (2-13) 

is one with the correlation functions 

mip)HPi) ■ ■ ■ 0(Pn))oo = {Hp)Hpi) ■ ■ ■ HPu))^ (n > 1) (2-14) 

The composite operator [|<^^] (p) is less easy to define. For non-vanishing momentum 
p, it has the following asymptotic behavior: 



{p) z{\T.A/^) I I Hp- q)HQ) (2-i5) 
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The A dependence of the coefficient is determined by the ERG, but the value z{0) 
can be chosen arbitrarily; 2;(0) = 1 is the simplest choice. 

Now, given an arbitrary composite operator ^{p) of momentum p, 

is a composite operator of zero momentum. Let us assume that X! vanishes for some 
A. Then 

= (2-17) 

for any A, since U satisfies the linear equation (j2-10p . (j2T7p is equivalent to the 
Ward identity 

n 

5^(0(^,i)...^(p,)...0(p„))^ = O (2-18) 

i=l 

and it implies the invariance of the functional measure 

e^(^) (2-19) 



under the infinitesimal change of field 

(A(p) — > ct>{p) + {p/A) <P{p) (2-20) 

The second term of (j2-16p takes into account the jacobian of this transformation. 
(|2-17p is the generic expression of continuous symmetry in the ERG formalism, and 
in sect. Owe introduce supersymmetry in this form. (See^^^ for an application to 
QED.) 

Before we review the BRST formalism, let us briefly discuss how to introduce an 
external source to the action. Let J{—p) be a classical external source coupled to a 
composite operator ^{p). The action S in the presence of J satisfies the same ERG 
differential equation (j2-6p as S. If ^ is the composite operator ()2-13p . S satisfies the 
simple asymptotic condition 

S{A) - S{A) I J{-p)Hp) (2-21) 



and the solution of both the ERG differential equation and the above asymptotic 
condition is given by 

s{A) = SfUA) + 1 j{-p)m + \l j{-p) ^~^}^'^^ j{p) + su^) [0sh] 

Jp ^ Jp p -\- m 

(2-22) 

where the last term is obtained from 5int[0] by substituting the shifted field 

4>M ^ Hp) + ^~^y^^ J{p) (2-23) 

into the elementary field (t){p). We can easily check 
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Now, if is a more complicated composite operator such as [^i?!'^], the asymptotic 
behavior has the form 

S{A)-S{A)^-^w^{\nA/^,) [ J(-p)h{p - q)cPiq) 

Jp,q ^ 

+^W2{lnA/f,) j^J{p)Ji-p) (2-25) 

We can choose wi{0) and W2{0) at will, but we cannot give a closed formula like 
in this case. 

We now summarize the BRST formalism, an alternative way to realize symmetry 
using ERG. We introduce an antifield 0* which has the statistics (fermionic in this 
case) opposite to that of the conjugate field cj). We introduce (p*{—p) as a classical 
external source coupled to 'P{p) of (j2-16p . We denote the resulting action as S{A). 
Its interaction part 

S;„t{A) ^ S{A) - 5free(vl) (2-26) 
satisfies the same ERG differential equation as 5int: 

dA ip p2 + ^2 2 \ s^{p) ^ 50(-p)<50(p) J ^ > 

Note (p* plays no role in ERG. Replacing ^(p) of (j2-16p by the left-derivative of the 
action with respect to (p* , we extend ()2-17p to 

E{A) = (2-28) 

where i7 is a composite operator defined by 

The above identity, or the vanishing of IJ, is the BRST invariance of the action in 
the ERG formalism.^)' For any S we can define BRST transformation by 



K{p/A) 



6(j)*{—p) 5(j){p) 



5 ^ 6 SS 6 \ 

so that, given a composite operator O, 5qO gives another composite operator. We 
then obtain 

= (2-31) 

for any X! given by (j2-29p even if ^ 0. This equation provides an essential algebraic 
structure that is missing in the formalism without antifields. We will take advantage 
of the algebraic structure to construct a supersymmetric Wilson action to all orders 
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in loop expansions. Once we construct a BRST invariant action, satisfying U = 0, 
the BRST transformation automatically satisfies nilpotency 

Sq5q = (2-32) 

but it plays no role in this paper. 

§3. Construction without antifields 

In this section we discuss how to construct a Wilson action of the Wess-Zumino 
model perturbatively without using antifields. The starting point is the classical 
action: 



Sci = - I d X 



XLO- ■ dxR + ^ {mxRXR + mxLXL) + d^(f>d^<p + [mpc; 



(3-1) 



The bar above a complex scalar </> or the mass parameter m denotes complex con- 
jugation, but the bar above a spinor denotes a transpose. (See Appendix A for 
our notation on two-component spinors.) We save * as a superscript to denote an 
antifield. 

In order to classify all possible interaction terms, we introduce two types of 
charges. Though they are not conserved, we can use them to figure out which terms 
are allowed and which forbidden. 

1. a charge — We assign charge a to 0, and —a to (j). The action is invariant 
under 

(/> ^ e^°(/., ^ e-^"(^ (3-2) 

if we assign charge —a to g and a to g. In other words, the phase change of 
the coupling 

5-e-^-ff, 5-e^"ff (3-3) 

does not affect physics, since this can be compensated by (|3-2p . 

2. (3 charge — We assign charge (3 to XRi ^-nd —f3 to xl- The action is invariant 
under 

XR^e'^'xR, XL^e-'^XL (34) 

if we assign charge —2(3 to g, m, and 2/3 to g, rh. In other words, the phase 
change of the parameters 

g^e-^'f^g, m ^ e'^^^m, g ^ e^'^g, fh^e^'^m (3-5) 



does not affect physics, since this can be compensated by ([Si 
We will impose the above properties on the Wilson action. Hence, the terms such as 
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can be generated, though they are absent in the classical action. The a and (3 charges 
are obviously related to the standard R-symmetry; the R-charge is reproduced by 
choosing 

a + 2/3 = (3-7) 

In the following we treat a and [3 as independent. (One of the two U(l) charges 
of^^^ has a = /3 = 1, and the other a = l,f3 = —^■) The classical action is invariant 
under the following super symmetry transformation: 

^cifp = CjtXR + V^idti(t 

SdXR = ^^l^L^^,4> - {m4) + g^^iR + ri^d^XR 
SdXL = (y^l^R^^l4> - (mcl) + g ^) + V^d^XL 



(3-8) 



where ^r^l are anticommuting constant spinors, and 77^ is an an infinitesimal constant 
vector. Hence, we obtain 



^dSd 



5d4>{p) 



Sd(t>ip) 



+ Sc 



^ ^dXRip) + ^ 



^xr{p) 



Sxl{p) 



^dXlip) 



(3-9) 



We note two things here: 
1 



In (j3-8p . r/^ generates translation, and the invariance of the action under trans- 
lation holds trivially. But it becomes crucial to include the translation as part 
of the transformation when we introduce a BRST invariant classical action Sd 
in sect. EJ As is explained in Appendix B, its BRST invariance is equivalent to 
the nilpotency of (generalized) 5ci- 
2. We can give mass dimensions and a, /3 charges to the parameters 6.R,L, of the 
supersymmetry transformation (|3-8|) such that the field and its transformation 
have the same dimensions and charges. For later convenience, we summarize 
the mass dimensions and a, (3 charges of fields and constants (or parameters) 
in a table: 



fields 


dimensions 


a,P charges 


constants 


dimensions 


a,P charges 




1 


a 


g 





-Q-2/3 


4> 


1 


—a 


9 





a + 2/3 


XR 


3/2 


P 


m 


1 


-2/3 


XL 


3/2 




fh 


1 


2/3 








in 


-1/2 


a-/3 








iL 


-1/2 


-a + /3 








'7m 


-1 






To construct a Wilson action of the Wess-Zumino model, we first split the action 
into the free and interaction parts: 



S{A) = S,,,,{A) + Sint{A) 
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where the free part is given by 



'S'free(^) = — 



^Kf{p/A) 



-(f>{-p)ip'^ + \m\'^)(j){p) 



Kb (p/A) 

( - I \- I \ 1^ - ""^ - 

\XL{-P)W ■ (^Xr{P) + -^XRXR + -^XLXL 



(3-10) 



We have chosen different cutoff functions for the scalars and spinors; as we shall see, 
supersymmetry does not require 

Ki = Kb 



The propagators are given by 

{xr{p)xl{-p)) Sf,,. 
{xr{p)xr{-p)) Sf,, 
{xl(jp)xl{-p)) s,,,. 



Kh (p/A) + 
{-ip ■ a) Kf (p/A) + |77i|2) 
ffiKf {p/A) /{p^ + |mp) 
mKf {p/A) /{p^ + 



(3-11) 



(3-12) 



The interaction action 5int satisfies the ERG differential equation 

d „ /• Ab{p/A) r 55int <55i,t , 5'5i„t 



p p2 + |mp 



\ d4>{p) d(p{-p) 5(f){p)4){-p) 



+ 

fh 
2" 

m 



ipP- 



Afip/A}_ 



->int 



■ - TV 

SXRip) Sxr{-p) 



-J- 



(0) 



Sxr{-p) ''''Sxr{p) 



+^ < s 



(0) 



int 



Sxl{p) Sxl{-p) 



(0) 
int 



Tr 



Sxl{-p) '•^Mxl(p) 



(0), 
int 



(3-13) 



s s 

+'S'int r_ . /-> {-"i-P • / „\ '^int - Tr {-ip ■ a) 



'Sxr{p) 



Sxl{-p) 



6 



^Xl{-p) ^'''^'Sxr{p) 



where 



Z\, {p/A) ^ A-^Kb {p/A) , Af {p/A) ^ A-^Kf {p/A) 



(3-14) 



The minus signs in front of the traces are due to the Fermi statistics. Note that the 
a, P charges are preserved under the ERG transformation. 

We specify a renormalized theory by the asymptotic behavior of Siiit{A) for A 
large compared with the momenta of fields and the mass parameters. The asymptotic 
behavior is parametrized as follows: 



Sint{A) 



A— ►oo 



/ 



zi{\nA/n) XLCTixdnXR 



-jXrXr + -jXlXl) 
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+2:3(1117!///) di,(pd^(p + { 71^04 (In + Imfz^ilnA/iJ,)} 
+ {-1 + Z5{lnA/iJ,)} (^g(j)^XRXR + 94>\xLXL 
+ {-1 + ZQ{\nA/n)] (mcp^p + fh^^cp^^ 

+ {-1 + z,{lnA/^i)} ^|<^|^ + Z8(ln^//x) Um'l<f>' + fm'\^' 



+ {A'^ag{lnA/iJ,) + \m\'^ zg{ln A/ /j,)} {gmcf) + gm<f) 



(3-15) 



where we have adopted coordinate space notation. The real coefficients 04, ag and 
zi, • • • ,Z9 all depend on lnyl//x, where jJL is an arbitrary renormalization scale. The 
values of 2;'s aA, A = 11 can be chosen at will, and they constitute part of the param- 
eters of the theory: 

zi(0),--- ,Z9(0) (3-16) 

(A brief remark on why the coefficients are real as opposed to complex: 04, ^1,3,4,7 
are real because the action is real, and ag, -22,5,6,7,9 are real additionally because the 
theory is CP invariant. In euclidean space CP transformation is given by 



<p{x,X4) 4>{ — X,X4) , (/)(x, X4) 4>{ — X,X4^) 

Xr{x,X4) Xl{-X,X4), Xl{x,X4) Xfl(-f,X4) 



(3-17) 



We can choose both m and g real by choosing the phases of the fields appropriately. 
We can then demand the theory be invariant under the above CP.) 
We now introduce a super symmetry transformation: 



6(t>{p) = £,l[xl]{p) + ViJ.iPii[4>]{p) 
Sxr{p) = ^^^^L^P^A^]{p) - {mWiijp) + 9 ■ 

+rit^iPfj.[XR]{p) 
^Xl{p) = CF^^Rip^[(i)]{p) - {m[(t>\(p) + g 
+VfiiPn[XL\{p) 

Here, the fields in square brackets are composite operators: 

l-Kt,{p/A) SSir^t 

p^ + |mp 54>{—p) 
l-K^{p/A) SSi,,t 
p^ + |mp Sfpi—p) 



ip)) c 

(p)) i 



(3-18) 



mp) 


= 'A(p) + 


m (p) 


= 4>{p) + 


[xr] (p) 


= xr{p) 




i-i 




+ — 2 


[xl] (p) 


= xl(jp) 



—ip ■ a 



+ m- 



SxU-p) Sxr{-p) 



5i 



int 



(3-19) 
(3-20) 

(3-21) 
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These behave trivially as yl ^ oo: 



H TT-^, — 77; — I -ip ■ cr 



+ m- 



6 



^xr{-p) ^xl{-p) 



int 



[xr] (p) xr{p), [xl] (p) xl{p) 



(3-22) 



(3-23) 



The composite operators [c/;^] {p), [0^] (p) are defined by ERG differential equations 
(the same as those satisfied by infinitesimal deformations of S'int) and their asymp- 
totic behaviors: 



2 



ip) 



(p) 



1 + zio)?-(p) + zugm4>{p) + zufm^ ■ i27r)^S^^\p) (3-24) 



(1 + zw)^{p) + zugrh^ip) + ^125'?^' • (2^)^5(4) (p) (3-25) 



where 210,11,12 are real coefficients, dependent on InA/fi. The values of -Zio,ii,i2 at 
A = fi 

^io(0),zii(0),zi2(0) (3-26) 

should be considered as additional parameters of the theory. Hence, altogether, the 
theory has twelve real parameters 



zi{0),--- ,212(0) 
We now define a bosonic composite operator U by 



(3-27) 



Kb (p/A) 



5<j){p) 6(f){p) 



S(j){p) 5(j){p) 



+ / Kf {p/A) 



S 6 
S- —Sxr{p) - Tt6xr{p) 



^xr{p) 

7 



-S 



Sxl{p) 



^Xl{p) -Tidxhip) 



Sxr{p) 



^Xl{p) 



(3-28) 



where 5(j), etc., are defined by (|3T8|) . Supersymmetry of the Wilson action is the 
vanishing of this composite operator: 



S{A) = 



(3-29) 



Note that if S vanishes asymptotically for large yl, it vanishes identically, since E 
satisfies a linear ERG differential equation. 



Let us check (j3-29p at tree level. At tree level, the interaction action, S- 



(0) 



satisfies a simpler ERG differential equation 

,p p2 _|_ 5(p{jp) 5(t){-p) 



^(0) ec;,(0) 
^int "'^int 
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(0) 



{-ip ■ a) 



^ o(0) 



m 6 



c(0) , ^ o(0) 



(3-30) 



6 



2 ""''6xl{p) Sxl{-p) '''' 



We impose the asymptotic condition that S^^l reduces to the interaction part of the 
classical action: 



(0) yi^oo 



int 



>^XRXR + g<t>^XLXL + m(t>-(f) +m(f)-(l) + — 



(3-31) 



Then ^j^^^^ is given by the tree level Feynman diagrams where the elementary vertices 
from Sci are connected by high momentum propagators proportional to either 1 — Ki, 
or 1 — Kf. At tree level, ()3-28p simplifies to 



^(0) 



Kb ip/A) 

+ [kj (p/A) 
Jp 



mp) 

V 

^xr{p) 



H{p) 



SxUp) 



where 



5( ) — 5frce + 5: 



(0) 



(3-32) 



(3-33) 



and (5' '(/), etc., are tree- level supersymmetry transformations. For A large compared 
with m and the momenta carried by the fields, (j3-32p reduces to 



yl— >oo 







(3-34) 



The last equality is due to the classical supersymmetry (|3-9p . Hence, S^^^A) van- 
ishes identically for arbitrary A. 

We wish to construct S{A) that satisfies (I3-29P to all orders in the number of 
loops. The question is twofold: 

1. Can we satisfy ()3-29p by fine-tuning the twelve parameters? 

2. How many parameters are left arbitrary? 

In the next section we will answer these questions at 1-loop level. 



§4. 1-loop results 



Let s[l]^ be the 1-loop correction to 5int- This is obtained by solving (j3T3p 
approximately. Here, we only summarize the 1-loop corrections to a4^9(lnyl//i) and 
Zi(lnyl/^)(i = I,--- ,12): 



4')(lnyl//i) 



a^^\\nA/^,) = -\L{Mp)-Mp)}/p' 



j^{-A,{p) + 2Af{p)[l-Kf{p))] /p^ 



(4-1) 
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and 



S^)n^M,.\ — IffI iv, /I /,, _i_ ^„ ^(l)n^/1/,,^ _ _ 



\9\ 



(1)/ 



zf>{\uA/^i) = M^lnA/fi + cs 

4\lnA/fi) = C5 

z?\\nA/fi) = -^InA/fi + c^ 

zl^\\nA/n) = eg 



- _ \9\ 



z^^\lnA/fi) 
zi'\lnA/^^) 
zi'\lnA/fi) = cs 



^lnA/fi + C6 



z{'^{lnA/i,) = ^InA/fi + co 
\g\'zS {In A/ ^i) = Jff^lnA/,, + cn\g\' \g\'zSilnA/^^) = 

where 



\9\' 



are arbitrary constants. In calculating these, we have used the formula 
A,{p) (1 - K,{p)r _ f Afip) (1 - Kf{p)r 1 2 



(4-2) 

(4-3) 



I 



p'* Jp (47r)2 n + 1 

Next we consider Z'(^) , the 1-loop correction to E. It is given by 



(4-4) 



/ ip/A) 



5<t>{p) 



+ I ip/A) 



(4-5) 



where (5''^^(/) is the 1-loop correction to 5(j), etc. We only need the asymptotic behavior 
of , which is calculated as 



1) j 



.1 ii'J ii'j oo 

tiO (t> + t2g\m\ 7fi + t3\m\ (p + t^S ' 



+ J df'x ^RGf^XL ■ d^j,(j) [tsgcj) + tgm) + {R ^ L,(l) ^ (f>) (4-6) 

where t's are constants with two parts: 

ti = Ui + Vi (z = 1, • • • , 9) (4-7) 
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ti's are given by c's: 

Ml = Ci - C3 

W3 = -C2 + C4 + ciilgp 

W5 = -C2 + C6 + ClO 

^^7 = -C5 + C7 + Cio 

ng = Ci - C2 - Ciilfifp 

and v's are given by the 1-loop integrals: 



U2 = cg + ci2|gr 

n4 = C8 + 01215^ 

1^6 = -C5 + C6 + Cll|5(p (4-8) 

Us = Ci - C5 - ClO 



VI = -\g\'J^{K,-Kf)[A{l-Kj) + Af]/p^ 

f2 = 

t-3 = \g\^Jp(^Kj + KfKb-K^-3Kf + 2Kb)/p'' 

VA = \g\^ ^K^-Kf){2-Kf-K^)/p^ (4-9) 

V5 = V(, = /p (-2^3 ^ g^2 _ _ ^ 4^^^ 

vs = V9 = - K,) {2(1 - i^,) - A,} // 

We have defined 

^f{p) = -2p'^Aj{p) (4-10) 

Note three points about the above results: 

1. All the integrands of (j4-9p vanish for p^ < 1. (We have redefined p/Tl as p.) 
This makes the integrals infrared finite. 

2. The values of the integrals depend on the choice of Kfj j. 

3. The coefficients satisfy one algebraic constraint: 

t5-t6+t8-tQ = (4-11) 

For Z'(^) to vanish, the nine constants ti^... must vanish. (j4-lip leaves eight inde- 
pendent conditions on the twelve constants ci^...^i2. Taking 

Ci,C2,C5,C9 (4-12) 

as arbitrary, we obtain the rest as 



C3 = ci - Vi 

C4 = -Ci + 2C2 + Vs + V5 - Vq + Vs 

C6 = -Cl +C2 + Z5 + V5 + V8 

C7 = -Cl + 2C5 + V7 + Vs 

C8 = Cg - U2 + V4 (4-13) 

ClO = Cl - C5 - Vs 

fifpCii = Cl - C2 - V5 + Vq - Vs 

g?Ci2 = -Cg + V2 

CIS = -Cl +V5-VQ + VS- f 10 
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Thus, by fine-tuning we have obtained 

Z'(^) = (4-14) 

We have chosen ci, 02,05,09 as arbitrary constants because they have clear physical 
meanings: ci^2.5 correspond to normalization of fields, m, and g; cg corresponds to a 
finite shift of (p proportional to gm and that of (J) proportional to gfh. 

§5. Attempt at an all order construction without antifields 

We wish to prove that fine-tuning makes U vanish. We outline the inductive 
proof and show where it fails. Let us first introduce a loop expansion of the action: 

00 

S{A) = J2s^'HA) (5-1) 

1=0 

Correspondingly, we expand U defined by (j3-28p : 

00 

U{A) = Y,^^'HA) (5-2) 

1=0 

We have already shown 

^(0) ^ ^(1) ^ (5-3) 

We also expand the constants Zj(0) (i = 1, • • • , 12): 

00 

1=1 

where cf^ determine the asymptotic behavior of S**^'-*. In the previous section we 

have constructed cf'^ (called Cj there). We also adopt the same notation for the 
supersymmetry transformation of the fields: 

00 

5<p{p) = Y,^^'U{p), ■■■ (5-5) 

1=0 



Suppose S^^^ ,3^'' have been constructed by fine-tuning c-^'* , • • • , cf 
such that 

^(0) ^ ^(1) ^ . . _ ^ (5.g) 



We wish to determine cf^ so that 



i:^') = (5-7) 

First, we show that the asymptotic behavior of U^^^ has no A dependence. We 
show this using ERG. Since i7 is a composite operator, E^^^ satisfies 



oA J„ p'^ + jm|^ 



d4>{p) 54>{-p) 5(j){p) 5(t){-p) 
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+ 



(0). 
int 



(0) ^ 
ip ■ a 



-ip ■ a 



^Xl{-p) 



+ m 



6 



+ m- 



^xr{-p) ^xl{-p) 



^xr{-p) 



(5-8) 



thanks to the induction hypothesis (j5-6p . We now take A large compared with m 
and the momenta carried by the fields. Since p in the argument of A is of the same 
order as the momenta carried by the fields, A vanishes asymptotically. Hence, the 
asymptotic behavior of i7(') is independent of A. We can then write 



yl— >oo 



d x^RXR 



(5-9) 



+ / d'^x Ua^XL ■ d^(t> ( tfg<l) + t'^'m ) + {R ^ L, (j) ^ ^) 



(0. 



where t's are real constants independent of A. (The i's are real because the action is 
real and CP invariant.) The nine terms given above exhaust the possibilities allowed 
by the following: 

1. U has mass dimension 0. 

2. is a bosonic scalar. 

3. U has zero a, j3 charges. 

4. E is linear in either or 

There is no term proportional to ry^ due to the translation invariance. 

Second, we consider the dependence of Z'^'^ on the /-loop constants c~P . By 
expanding (j3-28p in the number of loops, we obtain the following expression for i7('): 

r« = ZW'I + i7«'2 (5-10) 



where 



K, {p/A) 



5(t){p) 



+ j Kf {p/A) 

Jn 



5« 



mp) 
7 



(5-11) 



Sxr{p) 



S^'hRip) + S^'>^——-6^'hR{p) + {R^L) 



^xr{p) 



and 



/ K,{p/A) 



j:^^'U{p)^4^+ 

k=l 



S(j){p) 54>{p) 



+ f Kf {p/A) 
Jp 



-k). 



k=l 



^xr{p) 



'5^'^X/?(p)-Tr5('~i)xR(p) 



^xr{p) 
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(5-12) 



Only Z'(')'^ depends on the /-loop constants c~P . We extract only the part of its 
asymptotic behavior that depends on c^'^'s: 



E 



('■)a2I I I |2 - I |2 7 I U) 2 - 2 



, (0 -"^^ , (0 - IA|2 i (Ol 12,'^^ 



(5-13) 



u. 



where 



u 



u. 



JO JO 



JO 



JO , JO 



+ ci ' + c 



JO , JO 



+ Cy + C 



JO _ JO 

"1 "^2 



11 1 
(0 
10 
(0 

10 



u 



u. 



(0 
2 

(0 
4 
(0 

6 

(0 



JO , JO 



-9 

JO 



+ c\i\9\ 

H2 lyl 
JO , JO , J0|„ 
-5 "-e ^ '^11 ly 



(5-14) 



"-11 |y| 



JO _ JO 
'1 "-s 



JO 
-10 



(The calculation is a repetition of what we have already done at 1-loop.) The u*-'-* 
coefficients satisfy one algebraic constraint 



u 



(0 „,(0 , „,(0 „,(0 



"9 







(5-15) 



We note that u~p does not give the whole t'^p , but an additional contribution, vf\ 
comes from i7'^0:2 ^^j-^^^ 



JO 



(0 , (0 
u) ' +v)' 



(5-16) 



The coefficients vP are independent of c^O'g; -^^g ^^n tune only through c'-'^'s. 
But the algebraic constraint (j5T5p implies that we cannot satisfy 



JO 



(i = l,---,9) 



unless t^O'g also satisfy the same constraint: 



JO _ JO , JO 



(0 

9 



Equivalently, w^O'g must satisfy 



(0 _ ^(0 , ^(0 _ ^(0 

5 ^6 ^ ^9 



(5-17) 
(5-18) 
(5-19) 



But we have no control over v^O'g; they are fixed by the choice of the lower loop 
constants c^^\ ■ ■ ■ ,c^'~^\ We do not know how to derive (jSTSp or (j5T9p . This is 
where our proof fails. We resort to the BRST formalism for help. 
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§6. BRST formalism 



In this section we introduce antifields that generate supersymmetry transforma- 
tion. We do this for the sole purpose of obtaining an algebraic structure that enables 
us to derive the constraint (j5-18p (or equivalently (j5-19p l. Once we know the con- 
struction works, we can discard antifields entirely and go ahead with constructing a 
Wilson action in terms of fields alone. ^From now on we take 



K, = K 



f 



K 



(6-1) 



for simplicity, even though this equality is not required by supersymmetry. 

In the BRST formalism we regard ^r^l as constant bosonic ghost spinors, 
and r]^ as a constant fermionic ghost vector. We introduce antifields (sources) 
such that we reproduce the original supersymmetry transformation at the vanishing 
sources. The antifields have the opposite statistics to the corresponding fields: (/>*, (f)* 
are fermionic, and X*r^X*l are bosonic. Let us summarize the properties of antifields 
and ghosts in a table: 

antifields/ghosts statistics dimensions a, /3 charges 



<f>' 


f 


3 


—a 




f 


3 


a 


Xr 


b 


5/2 


-P 


xl 


b 


5/2 


P 




b 


-1/2 


a- 13 




b 


-1/2 


-a + 13 




f 


-1 





The ghost number is assigned as 


ghost number 1 


ghost number —1 




'7m 





SO that the action has zero ghost number. 

At the classical level, we obtain the following action: 



Sd = Sd + I d X 



{S.RXR + Vi^d^cf)) + (p* {^LXL + Vfidf^ 



+X*R ( crt^^LdfMfp - [m(t) + g— ) + T]f,d^XR 



(6-2) 



+Xl { cr^,iRd^(t) -\m(t) + g— ) + r]f,d^XL ) - Xr^R ■ xHl 



The last term, quadratic in antifields, is necessary so that Sd satisfies the Zinn-Justin 
equation 



SSd S ^ 6Sd S 
54){p) 6(P*{-p) 5^{p) S^*{-p) 



Sr. 
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-a^T^^R^^d = (6-3) 

This is the classical limit of the BRST invariance that we will introduce at the end 
of this section. 

Let S be the total action in the presence of antifields. It is split as 

S{A) = SfU^) + 5int(yl) (64) 

where 5int satisfies the same ERG differential equation (j3-13p as ^int, but their 
asymptotic behaviors differ due to antifields: 



5int(^)-5int(vl)'^ / d'x 



+X*R (o-M^i^M'^ + Vfj-d/^XR) + Xl + Vf^d^XL) 

-JR ( (1 + zio)g— + (1 + zii)m(f) + zi2gfh^ 

-Jl ( (1 + ^loJ^ Y + (1 + zu)m(l) + zugm 



+ {-I + zisiln A/ n)}jRjL 



(6-5) 



where 



JR = X*R ^R, JL = Xl iL (6-6) 

The A dependent coefficients -210,11,12 are the same as those in sect. [3l The real 
coefficient 2:13 is generated from the product of and [(jp'\[—p). We note three 

points here: 

1. Three parameters zio(O), zn (0), ^12(0) that define supersymmetry transforma- 
tion is now incorporated into the action Sinf 

2. 5int depends on one extra parameter 2:13(0), which is absent in the definition of 
^int and in the supersymmetry transformation at the vanishing antifields. 

3. The antifields j_r,jl are similar to the auxiliary fields that close the off-shell 
supersymmetry algebra. Unlike the auxiliary fields, jn and ji are external 
sources not to be integrated over. 

Most antifield dependence is introduced through linear couplings to the elemen- 
tary fields, and can be given explicitly: 

5'int(^) = / 4>*{-p) (CRXRip) + VfMiPfiHp)) 
Jp 

+4>*{-p) [hxiip) + ri^ip^,(j){p)) 

+X*r{-p) fillip ti4>{p) - (.Rrh(t>{p) + VfiiPfiXRip)) 

+Xl(.-p) {(^t^^RiPtiHp) - S.Lm(t){p) + rif,ip^XL{p)) 

-3R{-p)jL{p) 
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+ 



l-K{p/A) 



+ {X*R{-P)ip ■ o-^L - mx*L{-p)^L) {-Xl{p)w • c^Ci? - mx*R{p)^R) 
+Sint [(psh, 4>sh, XR,sh, XL,sh',jB,jL] 

where the shifted fields are defined as follows: 



(6-7) 



( (t>ship) 

4>sh{p) 

xrMp) 
xlMp) 



Hp) 

+ '-^^ {-4>*{p)ip,r]^ - {xl{p)ip ■ ^ + fhTR^p)) iR] 
Hp) 

+ {-H{p)^P^.V^. - ix*R{p)ip ■ ^ + mxlip)) Cl} 



xr{p) + 



1-K{p/A) 



jT-{ i-mx*R{p) + ip ■ o-xlip)) iPfiVfi 
+rh(j3*{p)^R - ip ■ a4>*{p)CL} 



(6- 



Xl{p) + p2+|^|2'^ { {-mxlip) + ip ■ o-X*r{p)) iP/irjt^ 
+m(p*{p)CL - ip ■ cr(p*{p)^R} 



Sint is obtained from S'int by coupling an external source Jr to the composite operator 
[(/)^/2], and ji to [<^^/2]. S'int satisfies the same ERG differential equation as Sint; 
its asymptotic behavior is determined from (l6-5p as 



SintiA) - 



yl— >oo 



-jR { (1 + ziQ)g— + ziim(j) + zi2gm^ 



-3L |(^ + ^10)5 Y + ziimcj) + zugm^j + zi^JrJl 

where we have suppressed the InA/n dependence of z's. 
We now define a fermionic composite operator by 



(6-9) 



+- 



K (p/A) 



S- 



i>*{—p) ^Hp) d(f){p) 5(t)* (—p) 
6S 6 ~6 



S 



*{—p) 54>{p) 6((>{p) 6<p*{—p) 



S 



-Tr 



-Tr 



-S-S 



6 



+ 



' -s- ' 



^x*r{-p) ^xr{p) ^x*r{-p) ^xr{p) 



-S-S 



+ 



' -s- ' 



^Xli-P) ^Xl{p) ^Xli-P) ^Xl{p) 



d 



-^L<y/j.£,R ■ ^ S 

We wish to fine-tune the thirteen parameters 

^i(o),--- ,^13(0) 



(6-10) 



(6-11) 
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for the BRST invariance 



S = 



(6-12) 



At the vanishing antifields this reduces to (|3-29p . the supersymmetry of S. The 
classical BRST invariance (|6-3|) implies that (j6-12p holds at tree level. 
IJ defined by (j6-10p satisfies the following algebraic constraint: 



+Tr 
+Tr 



/ K{p/A) 
Jp 



b*{—p) 5(j){p) 5(j)*{—p) S(j){p) 6(j)* {—p) 6(j){p) 
" ~ 7 5 



s si: 



'*{—p) 54>{p) 5(j)*{—p) 5(j)(jp) 5(j)*{—p) 54>{p) 



' -s.s ' 



+ 



S-£- 



+ 



Sx*r{-p) ^xr{p) ^x*r{-p) Sxr{p) ^x*r{-p) ^xr{p) 



' -s-s ' 



+ 



+ 



* -S- ' 



^Xli-P) 5xl{p) ^Xli-P) ^Xl{p) ^Xli-P) 5xl{p) 



-^LfT^iiR ■ ^ S 







(6-13) 



We shall see, in the next section, that this provides the algebraic constraint (j5T8p 
that we could not derive without antifields. 



§7. All order proof 

The all order proof in the BRST formalism proceeds analogously to the at- 
tempted proof in sect. [5l Before we begin, we make some preparation. As can be 
seen from ()6-7p . most of the antifield dependence of 5 is given by the shift (|6-8p of 
the fields. It is then natural to express X! in terms of (j6-8p by replacing each field in 
E by the corresponding shifted field. We obtain 



^(t>,4',XR,XL,(l)*,<l)*,XR,XL] = ^ [(l>sh,4>sh,XR,sh,XL,sh,<P*,<P*,X*R,XL] 

where U is defined by 

^ [4>, 4>, XR, XL, (p*,(j)*,xh xl] 

K {p/A) 



-s 



'{-p) ^Hp) 
7 



5xr{p) 5x*r{-p) 



5xl{p) ^Xli-P) 



5-Tr 



S -Tt 



i)*{-p) 6(p{p) 

* -s- ^ 



Sx*r{-p) ^xr{p) 



s- 



6 



^X*l{-p) ^Xl{p) 



(7-1) 
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-hcy^iR ■ j^~S (7-2) 

and S is defined by 

S [(l),(t>,XR,XL,4>* ,Xr,Xl\ 

= SircMA,XR,XL\ + SirA[4>,(t>iXR,XL]3R,iL\ 

+ j ^^1^^ <t>*{-p) {w,iV,i<P{p) + ^rxr{p)} 

+4>*{-p) {iPf^rif^Hp) + ^lxUp)} 

+X*r{-p) {iPfiVfiXRip) + ip ■ o-^lHp) - t^^rHp)} 

+Xl{-p) {iPt^VfiXLip) + ip ■ ct^rKp) - 

-3R{-p)jL{p) (7-3) 
Thus, the identity (|6-12p is equivalent to the identity 

^ [0, 0, XR, XL, (t>*A\XR, Xl] = (7-4) 

for the unshifted fields. This identity is simpler to consider than (j6-12p . since un- 
shifting makes the antifield dependence of X! simpler than that of E. Note, however, 
that for A large compared with m and the momenta of the fields, X! and S are the 
same: 

I]{A) - IJ{A) (7-5) 

since the shifts in (j6-8p vanish in this limit. 

By definition, I! satisfies its own algebraic identity: 



I K{p/A) 
Jp 



5(j)*{—p) 5(j){p) 54>*{—p) 54>{p) 5<j)*{—p) 54>{p) 
7 ~ 5S 1 ~ 5S 1 6 ~ 

I . |_ g . |_ 

6(j)*{—p) 6cj){p) 6(j)*{—p) S(j){p) 5(j)*{—p) S4){p) 



Jx*r{-p) ^Xr{p) ^X*r{-p) ^XRip) ^X*r{-P) ^Xr{p) 



^Xl{-P) Sxl{p) ^Xli-P) 5xl(j>) ^Xli-P) Sxl{p) j 

-Wi?-^^ =0 (7-6) 



In fact we can show 



)^ [4>,4>,xr,xl,(P*,(P*,x*r,Xl] = [4>sh,4'sh,XR,sh,XL,sh,4>*,4'*,x*R,XL] 

(7-7) 
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Hence, the two identities (I6-I3p . (|7-6p are really the same. 

We now begin our inductive proof. We will show that we can satisfy (j6-12|) 
by fine-tuning the thirteen parameters zi(0), • • • , 2:13(0). The proof proceeds analo- 
gously to the attempted proof in sect. [5j We use the same notation for loop expan- 
sions: 

00 00 00 

S = ^S(^ E = Y,^^'\ z,(0) = ^cf(i = !,••• ,13) (7-8) 
«=o 1=1 1=1 

As the induction hypothesis, we assume that we have chosen c^^\ ■ ■ ■ , c^^~^^ so that 

^(0) ^ . . . ^ ^(l-l) ^ Q 



We need to show that fine-tuning of c^'-^'s makes 

r« = 



(7-9) 



(7-10) 



First, we show that the asymptotic behavior of Z'(')(yl) is independent of A, 
using ERG and (l7-9p . We omit the proof since it is exactly the same as in sect. El 

Second, we enumerate all possible terms in the asymptotic behavior of 
which is the same as that of IJ^^\ The asymptotic form of Z'^') is parametrized by 



twelve real constants t 



(0 
1 1 ■ 



^(0 



Crxr 



, follows: 



,(0 



+ (R ^ L, (p (j),m fh, g ^ g) 



(7-11) 



This is the most general form allowed by the following constraints: 

1. U has mass dimension 0. 

2. i7 is a fermionic scalar. 

3. E has no a, /? charges. 

4. E has ghost number 1. 

5. is independent of ry^,(/)*,^*. 

6. i^^') depends on X*r:Xl o^^Y through jR,jL- 

We derive the last two properties in Appendix C. As in sect. [5] we now divide each 
.(0 



t] into two parts: 



,(0 



t-'=4^+vf^ (7-12) 

where tt^'^'s are linear combinations of c*-'^'s, and w'^'^'s are determined by the action 
up to (/ — l)-loop level, n^'^'s are obtained from the asymptotic behavior of 



^(0,1 = f K {p/A) 

Jv 



b*{-p) 



64>{p) 



(7-13) 
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5xr{p) 5xr{-p) 



^(0) _ ^(0) 



as follows: 



4 



(0 
1 


— '-1 


•^3 




(0 

«2 


(0 

3 








(0 


(0 

5 


— "-2 






(0 


(0 

7 




+ c?) 




(0 


(0 


- c^^) - 






(0 


9 


— '-1 


•^2 


"^11 |y| 


«10 


(0 
11 


- -c^') 

— "^5 


•^10 


•^13 


(0 

«12 



SO , JO 



+ {R^L) 



Cg +ci2l5r 

"^8 T^''i2iyi 



.(Oi 



.(0 



JO 



(0 I ' 



+ +qil5 
JO _ JO 

''11 \y\ 
(0 



(7-14) 



(0 

13 



The calculation is mostly the same as that done in sect.[5l The n^^O'g are not linearly 
independent, but they satisfy the following three linear relations: 



u 



(0 



(0 , (0 
Ji 



u, 



(0 



,(0 



uy-ul{-u(l = Q (7-15) 
(0 _ (0 _ (0 

The first relation is the same as that found in sect. [5j 

Third, we derive algebraic constraints on the t^'^ constants. For fine-tuning to 
work, t*^0'g rnust satisfy the same linear relations as (|7T5p . These come from the 
algebraic identity (j7-6p . Since vanishes up to (/ — l)-loop, we obtain 









(0 



K {p/A) 



i-p) 
V 



H{p) 
t 



+ 



-i-p) 

^(0 + ^(0 



Hip) 



*) (7-16) 



^xr{p) ^x*r{-p) 

Taking the asymptotic part, we obtain 



Sxr{p) ^x*r{-p) 



+ {R^L) 



it 



(0 



(0 



JO , JO- 

"-lO "T ''11. 



d X ^RXR ■ ihXL (mg(t> - mgc, 



4'^+45 + 45)rn+(-4'^+tS + 45)# 



+iR(7uiL / d'^X 



it 



(0 



(0 JO 



9 



te' +tl')mgd^(, 



+d,<t^ ■ 2L { (42 - 4'^ + 42V + (4? - 4'^ + 45)5'^} 



ii'^.XR.} ^ {4>,Xl}) 



(7-17) 
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This must vanish. Hence, t^^'^'s satisfy the same linear relations as (I7-15P : 
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This also implies 
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^12 

(0 







= 
= 
= 



(7-18) 



(7-19) 



^9 ~ ^10 ~ '''12 

Last, we fine-tune c^'-^'s to make t^^-^'s vanish. Because of ()7-18p . we have nine 
independent conditions to satisfy using thirteen constants. Taking 



.(0 JO JO JO 

"1 ' '-2 ' '-5 ' ^-9 



(7-20) 



as arbitrary, we obtain the rest as follows: 
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(7-21) 
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-.(0 _ JO _ 
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-c? + 4'^ 
-c? + v!^ - 4') + 4') 
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This concludes the proof by induction. 

The physical meaning of each arbitrary parameters is clear: 

1. 2:1(0) — overall normalization of scalar and spinor fields; this is unphysical. 

2. 2:2(0) — normalization of m 

3. 2:5(0) — normalization of g 

4. 2:9(0) — constant shift of <j) proportional to gm, and (j) proportional to grh; this 
is also unphysical. 

§8. Quadratic divergences and holomorphy 



Before concluding the paper, we make remarks on the quadratic divergences and 
holomorphy of the Wilson action S{A). 

First on the quadratic divergences, by which we mean the two leading terms in 
the asymptotic behavior of the action: 



SiA) 



yl— >oo 



d'^x [yl^a4(lnyl//i)|0p + A^agilnA/fj.) {mg(p + mg(^ 



■1) 
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In sect. [4] we have found the following 1-loop results: 

r = _\9l J^{_A,{p) + 2Af{p){l-Kf{p))} Ip^ 
I 4'^ = -\L{A}{p)-A,{p)}/p^ 



We observe two points and make a comment: 

1. The values of the constants al\a^g^ depend on the choice of the cutoff func- 
tions i^h,/, and therefore non-universal. For a general choice of -f^bj, both the 
constants are non-vanishing. 

2. Though supersymmetry does not require K^^ = Kf, this choice would make a'^^ 
zero, but not 04^^ 

3. If we adopt the superfields, we must choose Kh = Kf. The F-term in the 
superfield formalism does not receive any quantum correction.^''-* This suggests 
a possibility of choosing the parameters -^1,2,5,9 so that 

ag = (8-3) 

to all orders in loop expansions. 

The Wilson action in terms of superfields does not have any quadratic divergence, 
but it is generated by integration over the auxiliary fields. At 1-loop, it is easy to 
see this explicitly. Let us give an outline here. The tree level action has a vertex 

[Pi +P2) + \m\ 

where F, F are auxiliary fields. Contracting F and F using the propagator 

2 

K{p/A) „ ^, (8-5) 
we obtain the scalar mass term (at zero momentum) as follows: 
-\g\' [ K{p/A){l-K{p/A)) 



= -\g\ I ^ ^ — + O [\g\^\m\^) 

J p P 

, ,o,nl f A(p) -2A(p)(l - K(p)) ^ ,9, , , 

= -IgfA^- / + O (bl VP) (8-6) 

reproducing 04^^ of (|8-2p . 

We must conclude that quadratic divergences generally exist in the Wilson ac- 
tion of the Wess-Zumino model. This is analogous to the presence of a quadratically 
divergent gauge boson mass term in the Wilson actions of gauge theories. (For an 
explicit calculation in QED, see.^®^) We expect that any realization of supersymme- 
try on a lattice (if it exists) is analogous to the choice ^ Kf, and that fine-tuning 
of order p^ j /(^ will be inevitable. 
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Second on holomorphy. In^^^ the non-renormalization of the F-term of the Wil- 
son action in superfields has been explained as a consequence of holomorphy, i.e., the 
F-term depends either only on cj), xr, F, g, or only on c^, XL, g, fh. This concept 
of holomorphy has been introduced with help of the a, (3 charges and of the idea of 
local couplings that is inspired by string theory. The non-renormalization theorem 
has been also derived in^^^ based on the observation that the chiral vertices can be 
written as multiple supersymmetry variations. The approach of^^^ has been further 
generalized to the component field formalism with on-shell supersymmetry. ^'^^ Thus, 
it is possible to formulate holomorphy in terms of component fields. We have not, 
however, studied how to incorporate holomorphy in the ERG formalism. Never- 
theless we can expect that holomorphy corresponds to some constraints on the free 
parameters -^1,2,5,9(0) of the theory. Examining the 1-loop results of sect. [H we no- 
tice Z2, 5,9(^7^) have no dependence on A/ fi. We then speculate that holomorphy is 
equivalent to 

Z2{\nA/^i) = z^{\nA/^i) = z^{\d.A/^i) = (8-7) 
under the following choice of the parameters 

22(0) = Z5(0) = ^9(0) = (8-8) 

The verification is left for a future study. 

§9. Conclusions 

In this paper we have constructed a Wilson action of the Wess-Zumino model 
using ERG perturbatively: solving the exact renormalization group differential equa- 
tion and imposing supersymmetry. The action is built out of scalar and spinor fields 
without auxiliary fields, and satisfies the invariance (j3-29p under the supersymmetry 
transformation (j3-18p . In order to prove the consistency of the construction, we have 
resorted to the BRST formalism, by introducing antifields that generate the trans- 
formation. But the antifields are necessary only for the proof, and once we know the 
construction works, we can discard the antifields entirely. Hence, the Wilson action 
is a functional only of scalar and spinor fields. 

The Wilson action, thus constructed, has four arbitrary parameters: 

1. the mass parameter m 

2. the coupling parameter g 

3. the common normalization of scalar and spinor fields — the relative normaliza- 
tion is fixed by our choice of supersymmetry transformation 

4. the constant shift of 0, (f) proportional to gm, gfh — physics does not change, 
but the action changes its appearance 

In the formulation without auxiliary fields, each parameter gets its own beta function 
that gives the dependence of the parameter on the renormalization scale /x. How 
the beta functions arise in the context of ERG has been discussed in ref.^^^ The 
derivation of the beta functions for the Wess-Zumino model is left for a future study. 
Since our construction of the supersymmetric Wilson action depends only on its 
supersymmetry, we expect that the ERG method can be applied straightforwardly 
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to supersymmetric Yang-Mills theories and theories with extended supersymmetry; 
this is also left for future studies. 
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Appendix A 

Notation on spinors 

Throughout this paper we work on the four dimensional euclidean space. In this 
appendix we summarize the basic properties of spinors, emphasizing what is relevant 
to this paper. 

Denoting the orthogonal coordinates by (/x = 1,2,3,4), we define 

x = iXfj,a^ (A-1) 
where are defined by the Pauli matrices and the 2-by-2 unit matrix as 

a^ = {a,-il2) (A-2) 

We then find 

det X = X fj^x n = x'^ {A-3) 
An arbitrary rotation can be given as 

X — > x' = LxR^^ (A-4) 

where L,R are arbitrary SU(2) matrices, and hence detx is invariant under any 
rotation. 

Under the rotation ()A-4p a right-hand two-component spinor field Xni^) trans- 
forms as 

XRix) xW) = Rxr{x) (A-5) 
Similarly, a left-hand two-component spinor field xl{x) transforms as 

XLix) x'lIx') = Lxl{x) (A-6) 

Denoting the transpose of a spinor (either right or left) by 

X = X^(^y = {iX2, -iXi) (A-7) 

we can construct scalars: 

Xrx'r, XlXl (A-8) 
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We obtain 

Xrx'r = ±XrXR, Xlx'l = ^XlXl (A-9) 
depending on whether the two spinors are mutually anticommuting (plus) or com- 
muting (minus). 

We call the hermitian conjugate of o"^ by 

^f^ = (^l = -'^y'^lcTy (A- 10) 

Using cr^ or ct^, we can construct a vector: 

XL<y^,XR = TXR^fj,XL (A-11) 

Here, the sign is minus for mutually anticommuting spinors, and plus for mutually 
commuting spinors. 

For mutually commuting spinors (either R or L),the following identity holds: 

Xixx") + X'ix'x) + X"ixx') = (A-12) 
We have used this often in our calculations. 



Appendix B 

Classical BRST invariance 



In this appendix we verify the classical BRST invariance of the classical action, 
defined by 



J d'x [ 



XL(yiidixXR + d, 



+ F( 



+F'{(p)lxRXR + F'{4>)\xLXL 



(B-l) 



where F{(j)) is an arbitrary function of (j)^ and F its complex conjugate. F' is the 
derivative of F with respect to (j). We introduce a supersymmetry transformation as 
the following BRST transformation: 



= iRXR + Vtidf,(p 

SXR = ^iJiiLd^,(t)_ - F{(j))^n + V^d^XR 
^Xl = (^iJ.^Rd^4> - F{(t>)^L + Vfidf^XL 



(B-2) 



where ^/j^l are constant spinors, and r]^ a constant vector. We take commuting, 
and r]^ anticommuting. It is straightforward to check the BRST invariance of Sd- 



5S. 



d 



+ 



S 6 
+ Sd-, — 6xR + Sd-, — 6xL 



^X 



R 



^Xl 







(B-3) 



The BRST transformation (|B-2p is not nilpotent. Defining the transformation 
of and 7]^ by 



<5?R,L = 0, 6rjfj, = -Cr(^ij.£.l = -ibC^tiiR 



(B-4) 
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we obtain 



r 5'^<^ = 
6'^(j) = 



(B-5) 



Hence, to make S nilpotent, we must invoke the equations of motion: 

Sci = 0, 7^5ci = 



R 



(B-6) 



In other words, the algebra of the classical supersymmetry transformation is closed 
only on the mass shell. 

The standard way to elevate the on-shell algebra to the off-shell algebra is to 
introduce auxiliary fields. Here, we take a different route, however. We introduce 
antifields: fermionic scalars ^* and bosonic spinors xjjj Xl- ^^^^ couple them 
linearly to the supersymmetry transformation: 

Sci,i = Sci + J d'x [cl,*6cl, + ^*54> + Xr5xr + xI^Xl] (B-7) 



so that 

We now transform 5^,1: 
5Sci,i = J 



l^Sci,i = Scf), -^Sci,i = 5(t) 
sil^Sci,! = SxR, al^-^d,! = Sxi 



(B-8) 



d\ 



SSd,i S 5Sci,i 5 



d 



^LCTfi^R^ Scl,l 



^XR Sx*R 
This can be calculated further as 

SSci,i = J [-cp*5^cp - + x*r5\r + xIS\l 

s s 

X*R^R ■ ^LT— + XlCl ■ ^Rj^Scl 

SXL OXR 

s s 

dXL SxR 



(B-9) 



(B-10) 



To cancel this, we modify the action by adding a term quadratic in antifields: 

Sci = Sci,i - J d^x xUr ■ xUl (B-11) 
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such that 



^Scl = s^Scl,l-CR-mL 
-Scl,l - iL ■ X*R^R 



6 Q 



This satisfies the classical BRST invariance (or Zinn-Justin equation) 



5Sci S ^ SSci S - 



5 6- -66 

~Scl- J T^d ~ Scl— J T^d 



'Sxl6x*, 



d - 

^LfJ^i^R^ Scl = 



(B-12) 



(B-13) 



Appendix C 

Antifield dependence of Ui 



In this appendix, we wish to show 

1. Z'^'^'^) is independent of rifj_, cp* , (j)* . 

2. The dependence of Z"*^'^^) on Xl comes only through JrjJl- 
We expand S, E in the number of loops: 

oo oo 



1=0 



1=1 



(C-1) 



Only S^^^ has dependence on rj^,(f)* ,(f)*; S^''^ {I > 0) depends only on JrjJl and 
regular fields (p, (p, xr, Xl- Therefore, we obtain 



/ K{p/A) 
Jp 



-S 



'i-p) 

7 



6(f){p) 6(p* {—p) 



6 ~(o) ^ 6S 



Sxr{p) Sx*r{-p) 



S-Tr 



' -s- ' 



-S 



^Xl{p) 6xl{-p) 



S-Tt 



SxU-p) ^xr{p) 

^ -5- ^ 



^X*l{-p) 6xl{p) 



Substituting the loop expansions of S into the above, we obtain 
^(i>o) = j K {p/A) 



6 _^(o) . ^S^'^ 



6 ^(0) ^S^'^ 



F^o ^^R^P^ ^Xr{-p) 
I V 



h*{-p) 6(t){p) 5(t)*{-p) 64>{p) 



^Xr{-p) Sxr{p) 



SxUp) Sxli-p) 



Sxli-p) SxUp) 



(C-2) 



(C-3) 
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Now, recall (|^3]) : 



+ 



(p/A) 



4>*{-p) {iPt^Vt^Hp) + ^RXnip)} 
+4>*{-p) {wi^VtJ^(t>{p) +hxL{p)] 

+X*r{-p) {iPfiVfiXRip) + ip ■ o-^l4>{p) - rh^RHp)} 
+Xl(.-p) {iPt^Vt^xUp) + ip ■ <7Cr4'{p) - m^L4>{p)} 

-3r{-p)3l{p) 
Since S^^'^ for / > is the /-loop part of Sint, we obtain 



Therefore, we get 
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Ip 



5jR ' 5X*L 



OJL 



Hip) 



^xr{p) 



^xUp) 
s^'^-xU-p) 



5W 



''{-p)CrCrt-^ + 0*(-p)eLa 



<5Xl(-p) 



+ / K{p/A) 
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i-i 
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^3r{-p) 
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K{p/A) 
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+ ^lXl{p) 



54>{p) J 



7 , 5~S^'') 

^^R- 



^xr{p) ^3r{-p) 
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'-'tree "-^int 



5 ^ 5S^^^ 



^x/?(p) 53r{-p) ^3r{-p) ^xr{p) 



^r 
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Z'=l 



1 



SxUp) Sjii-p) 
7 



K{p/A) 5xl{p) 



^^3l{-p) 
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SxUp) ^jii-p) Sjii-p) Sxl{p) 



(C-6) 



The first part that is proportional to rj^ vanishes due to the translation invariance 
of 5^'). Due to the Bose statistics of ^r,^l, we obtain 



^rU = hiL = 



(C-7) 



;ree + s[^} and 



and this makes the second part zero. What is left is built out of S'free i ^^int 
S^^"^ , S^^^ . Hence, E^^^ satisfies the two properties stated at the beginning of this 
appendix. 
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